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Abstract
We provide a detailed introduction to a method we recently proposed for calculating the
spectrum of excitations of effective strings such as QCD flux tubes. The method relies on
the approximate integrability of the low energy effective theory describing the flux tube
excitations and is is based on the Thermodynamic Bethe Ansatz (TBA). The approximate
integrability is a consequence of the Lorentz symmetry of QCD. For excited states the conver-
gence of the TBA technique is significantly better than that of the traditional perturbative
approach. We apply the new technique to the lattice spectra for fundamental flux tubes in
gluodynamics in D=3+1 and D=2+1, and to k-strings in gluodynamics in D=2+1. We iden-
tify a massive pseudoscalar resonance on the world sheet of the confining strings in SU(3)
gluodynamics in D=3+1, and massive scalar resonances on the world sheet of k = 2, 3 strings
in SU(6) gluodynamics in D=2+1.
∗Prepared for a special issue of JETP dedicated to the 60th birthday of Valery Rubakov.
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1. Introduction
String theory originated as a candidate theory of strong interactions [1]. However, it was
soon abandoned as a theory of hadrons, at least for the time being, because it failed to
reproduce the observed properties of deep inelastic scattering as well as the asymptotic
freedom of non-Abelian gauge theories. Regardless, the success of the Veneziano amplitude
in describing many aspects of the hadron spectrum and scattering is hardly a coincidence.
Confining strings (flux tubes) are crucial ingredients in the strongly coupled QCD dynamics
responsible for color confinement, and their presence is vividly revealed by lattice QCD
simulations [2]1, suggesting that understanding the structure and dynamics of QCD flux
tubes might provide insights into the dynamics of color confinement.
The modern approach to the relation between string theory and gauge theories relies on
the AdS/CFT correspondence [3]. Within this framework the QCD flux tube is expected to
be described by a string propagating in a space-time with an extra curved dimension, which
can be interpreted as the dynamical string tension, or equivalently, the renormalization group
scale [4]. Identifying a concrete string theory which would provide a holographic description
of non-supersymmetric QCD remains a long shot, and even if this dual string theory were
found, it would be outside the regime in which we currently have theoretical control.
1See http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel/ for anima-
tions.
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In this paper we thus focus on a rather direct path towards understanding the structure
of the flux tube theory that does not involve holography. Instead, it is based on existing
lattice techniques combined with effective field theory and tools from integrability.
Advances in lattice QCD simulations have allowed to measure the spectrum of low lying
world sheet excitations with impressive accuracy [5–7]. However, until now the theoretical
interpretation of these results was problematic. For most states the string lengths acces-
sible in the lattice simulations were too short for existing techniques to be reliable. The
conventional perturbative methods [8–10] for calculating the spectrum of string excitations
result in badly diverging asymptotic series in this regime, preventing the interpretation of
the data. At the same time, the data exhibited a number of puzzling and suggestive fea-
tures. In particular, while perturbative calculations were not reliable, many of the levels
show surprisingly good agreement with the spectrum of a free bosonic string quantized in
the light cone gauge following the classic paper [11] by Goddard, Goldstone, Rebbi and
Thorn (GGRT) (see also [12]). This is confusing, given that the GGRT spectrum is well
known to be incompatible with the bulk Poincare´ symmetry if the number of space-time
dimensions is different from 26.
For the lattice simulations, the computational cost grows exponentially with the length of
the string. At least with the current technology this makes it essentially impossible to push
lattice calculations into the regime in which conventional perturbation techniques converge.
Alternative techniques for calculating the flux tube spectra are thus required which provide
better convergence for relatively short strings. We proposed such a technique in [13], and
its success relies on the observation that the world sheet theory becomes integrable at low
energies. This technique seems sufficient to explain the previously puzzling features seen in
the lattice results. In addition, it allowed to show that existing lattice data provide strong
evidence for the existence of a massive pseudoscalar state on the world sheet of the QCD
flux tube, the world sheet axion.
The goal of the present paper is to provide a detailed account of the method proposed
in [13]. In section 2, we begin with a brief summary of the lattice results and of the effective
string theory approach (for a detailed recent review see [14]). We review the results of
the conventional perturbative expansion for energy levels, which exhibits a large number of
universal terms. We explain that the GGRT spectrum, in spite of being inconsistent with
the bulk Poincare´ symmetry, still represents a finite volume spectrum of a certain integrable
relativistic two-dimensional theory. As we explain, this observation immediately allows to
calculate all the universal terms in the spectrum of relativistic effective strings [15].
In section 3 we present the new method for calculating the flux tube spectrum. The
main idea of the method is to divide the calculation into two steps. First, one perturbatively
calculates the world sheet S-matrix describing the scattering of the flux tube excitations
within the effective string theory. One then determines the corresponding finite volume
spectrum using the excited state thermodynamic Bethe Ansatz (TBA) [16,17], which is very
similar to the techniques developed by Lu¨scher [18, 19] which are routinely used to extract
four-dimensional scattering amplitudes from the lattice QCD data. We provide a partial
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diagrammatic interpretation of the perturbative resummation performed by the TBA and
explain why it is natural to expect that this method results in a better behaved perturbation
theory for excited states.
In section 4 we use this technique to interpret the lattice data. We provide more details
how to implement the method than in [13] and include a larger set of excited states in our
analysis. This extended analysis confirms the conclusion reached in [13]: the lattice data
provides strong evidence for the existence of a pseudoscalar state bound to a confining string.
We also apply the technique to the available data for three-dimensional gluodynamics. There
we find no evidence for any massive excitations on the fundamental flux tube, but identify
massive scalar excitations on k-strings.
We conclude in section 5 by discussing future directions and prospects. We also present
an intriguing hint for the existence of additional light bound states, coming from the precision
ground state data.
2. Lattice Data versus Conventional Perturbative Expansion
Let us start with a brief summary of lattice results for the excitation spectrum of confining
flux tubes. A detailed description of these results and techniques can be found in [5–7], for a
review, see [20]. Most of our discussion will assume that the space-time dimension is D = 4.
However, we will also apply our techniques to the available D = 3 data. We are interested
in the internal dynamics of a single closed flux tube, rather than in effects coming from its
boundaries and from interactions between several flux tubes. To discuss these separately,
it is necessary to suppress processes where the flux tube can break. This is achieved by
performing simulations in pure gluodynamics without dynamical quarks. Gauge invariant
operators in a pure glue theory are constructed as traces of path-ordered exponents of the
gauge field Aµ (Wilson loops),
OP = TrP
(
exp
∫
C
A
)
, (1)
where C is a closed path. In what follows we mostly discuss flux tubes carrying a single unit of
fundamental flux. This amounts to taking the trace in (1) in the fundamental representation
of the gauge group.
A nice trick, which allows to concentrate on the dynamics of long flux tubes, is to make use
of the non-trivial lattice topology. Namely, one considers states created by operators of the
form (1), such that the corresponding path winds around one of the lattice dimensions. It is
convenient to think about the corresponding direction as a spatial, though, of course, on the
lattice all directions are Euclidean anyway. States of this kind are orthogonal to conventional
glueball states, created by operators (1) with contractible paths. This follows from a global
ZN symmetry (center symmetry) present in the SU(N) Yang–Mills theory compactified on a
circle. It is generated by gauge transformations such that the corresponding gauge functions
satisfy twisted boundary conditions. The twist is performed using a multiplication by an
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element from the center of the gauge group,
g(R) = e2piki/Ng(0) , (2)
where k is an integer.
Transformations satisfying the boundary condition (2) act properly on the gauge config-
urations and preserve the action functional, but do not originate from a well-defined gauge
function. Hence they should be considered as generating a global, rather than gauge, sym-
metry. Any two transformations with the same twist k are equivalent up to a conventional
gauge transformations, hence the resulting symmetry group is ZN . A state created by an
operator (1) with a winding number k carries charge k with respect to this symmetry, so the
full Hilbert space splits into a direct sum of N orthogonal subspaces labeled by corresponding
winding number (modulo N).
Most of the lattice data discussed here is extracted from the two-point correlators of the
states carrying a unit charge under the center symmetry (a brief discussion of k-strings with
larger values of the charge is presented in section 4.6). These states represent closed flux
tubes with a unit winding number around the compact direction. By considering a large
enough set of shapes of the Wilson lines one may probe not only the ground state but also
the low lying excitations of the flux tubes. By measuring the exponential fall-off of the
correlators one extracts energies of the states created from the vacuum by the corresponding
operators, in the same way as for conventional glueball mass measurements.
A theoretical framework for perturbative calculations of these energies from first prin-
ciples is provided by effective string theory. The idea is that the flux tube states whose
excitation energy above the ground state in the k = 1 sector is smaller than the mass of
the lightest glueball are described by a two-dimensional effective field theory. In the absence
of additional symmetries (such as supersymmetry) the only massless degrees of freedom in
this theory are Goldstone modes describing the spontaneous breaking of the bulk Poincare´
group ISO(1, D− 1) to a residual symmetry group which remains unbroken in the presence
of an infinite straight string. The latter is the product of the world sheet Poincare´ symmetry
ISO(1, 1) with the transverse rotations O(D − 2). This symmetry breaking pattern implies
the presence of (D−2) massless Goldstone degrees of freedom represented by scalar fields X i.
Geometrically they parametrize transverse excitations of a flux tube, so that its embedding
into the bulk space is given by
Xµ = (σα, X i) ,
where σα (α = 1, 2) are the world sheet coordinates.
The effective action is constructed as a sum of local geometric invariants corresponding
to this embedding, and starts with a Nambu–Goto (NG) term
Sstring = −`−2s
∫
d2σ
√− dethαβ + · · · = (3)
= `−2s
∫
d2σ
(
−1− 1
2
∂αX
i∂αX i − 1
8
(
∂αX
i∂αX i
)2
+
1
4
(
∂αX
i∂βX
i
)2
+ . . .
)
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where hαβ is the induced metric on the world sheet,
hαβ = ∂αX
µ∂βXµ , (4)
`s is the string scale and . . . ’s stand for higher order terms.
Within this formalism the problem of calculating the spectrum of low lying flux tube ex-
citations becomes the computation of the spectrum of low lying Kaluza–Klein (KK) modes
of this two-dimensional effective theory upon compactification on a spatial circle of circum-
ference R. The traditional approach to this problem is a perturbative expansion in powers
of `s/R. One perturbatively calculates the spectrum of a quantum mechanical Hamilto-
nian obtained after KK decomposition of the effective action (3). At any finite order in the
`s/R-expansion only a finite number of terms from (3) contribute. The procedure is straight-
forward, even though the algebra may get rather messy as one starts calculating subleading
terms in this expansion. The major subtlety in this approach is to enforce the invariance
under non-linearly realized bulk Lorentz transformations at each order of the expansion,
δαi X
j = −(δijσα +X i∂αXj) , (5)
where  is an infinitesimal parameter of the boost/rotation. By construction the classical
action (3) enjoys this symmetry, but depending on the regularization scheme, it may get
broken at the intermediate stages of the calculation.
As one can see from (3), a large number of terms in the effective action are fixed as a
consequence of non-linearly realized Lorentz transformations (5). As a consequence, several
leading order terms in the `s/R expansion are universal and can be predicted in a model
independent way in any D-dimensional theory giving rise to effective string-like objects. The
only assumptions entering this prediction is that the bulk theory is relativistic, has a gap,
and that the space-time Goldstones X i are the only massless degrees of freedom carried by
the string world sheet. One example of a leading order non-universal term in the effective
action (3) which does not vanish on-shell2 and is compatible with (5) is
δS ∝ `2s
∫
d2σ
(
∂α∂βX
i∂α∂βX i
)2
.
These terms originate from local geometric invariants, such as R2 and R2αβ, where Rαβ is
the induced curvature of the world sheet metric. Power counting demonstrates that this
term contributes to the spectrum at the order `6s/R
7, so that all the terms up to `4s/R
5 are
universal. A brute force calculation of all the universal terms is tedious, however, and has
not been performed yet. Shortly, following [15], we will review a shortcut allowing to obtain
all the universal `4s/R
5 terms bypassing a direct calculation.
Confronting the effective string theory predictions with lattice data for D = 4 SU(3)
gluodynamics leads to several puzzles, as can be seen from Figs. 1, 2 and 3. The data
points on these plots represent string energies as a function of the compactification size R.
2Or, equivalently, which cannot be removed by a field redefinition.
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Figure 1: ∆E = E − R/`2s for the ground state of the flux tube. The value of `s was
determined from the lattice data. The dotted line shows the prediction of a derivative
expansion. The dashed line shows the prediction of the GGRT theory.
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Figure 2: ∆E = E−R/`2s for excited states of the flux tube with one and two units of
KK momentum in orange and red, respectively . The dotted lines show the prediction
of a derivative expansion. The dashed lines show the prediction of the GGRT theory.
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Figure 3: ∆E = E−R/`2s for an excited state with one left- and one right-mover, each
with one unit of KK-momentum. The dotted lines show the prediction of a derivative
expansion. The dashed lines show the prediction of the GGRT theory. The green
color represents a state that is a symmetric tensor with respect to SO(2), the blue
color represents the states the scalar with respect to SO(2) and the red data points
represent the anti-symmetric tensor with respect to SO(2). All states are predicted to
be degenerate in the GGRT theory. In the derivative expansion, the scalar and anti-
symmetric tensor are still predicted to be degenerate as indicated by the blue dotted
line. The degeneracy with the symmetric state is lifted, which is predicted to have
higher energies as shown by the green dotted line.
Fig. 1 presents the ground state energies, Fig. 2 presents states with a single left-moving
phonon with different values of the KK momentum, and Fig. 3 shows a state with one left-
moving and one right-moving phonons each with one unit of KK momentum. In the latter
case different colors label different two-particle states, classified according to representations
of the O(2) group of unbroken rotations in the transverse plane.
In addition, we presented two theoretical expectations for how these energies might look
like. Dotted lines show the sum of universal `4s/R
5 effective string theory terms. As explained
above, these follow from the consistent first principle calculation and should agree with the
data for sufficiently long strings.
The second set of theoretical curves, shown as dashed lines, is an ad hoc spectrum,
which is traditionally referred to as the “free string spectrum” in the lattice community,
following [12]. It is obtained by applying the light cone quantization method of [11] to a free
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bosonic string at D = 4,
ELC(N, N˜) =
√
4pi2(N − N˜)2
R2
+
R2
`4s
+
4pi
`2s
(
N + N˜ − D − 2
12
)
. (6)
Here R is the length of the string, N and N˜ are levels of an excited string state, so that
2pi(N−N˜)/R is the total Kaluza–Klein momentum of the state. In what follows we will refer
to this spectrum as the GGRT spectrum. One does not expect this spectrum to match the
spectrum of the QCD flux tube. Indeed, as discussed above, non-linearly realized Lorentz
symmetry imposes strong constraints on the properties of the QCD strings. The light cone
quantization is famously incompatible with the target space Poincare´ group away from the
critical dimension D = 26 3. Hence, a priori, one might only expect an agreement with a
classical limit of the GGRT spectrum, in the regime in which the quantum effects can be
neglected.
Nevertheless, as seen from Figs. 1-3, the GGRT spectrum surprisingly fits the lattice data
better than the perturbative calculations. In fact, the situation is somewhat different for
different classes of states. For the ground state, Fig. 1, both perturbative calculations and
the GGRT spectrum agree with each other and with the data even for the shortest strings.
This is a surprise on its own, given that the agreement holds even for strings as short as
R = 2`s.
For the purely left-moving states, Fig. 2, perturbative calculations agree with the GGRT
spectrum and with the data for relatively long strings. For shorter strings perturbative
expansion breaks down and the data follow the GGRT prediction.
Finally, for the state with both left- and right-moving phonons, Fig. 3, the perturbative
expansion is practically useless in the range of the string length for which lattice data is
available. The GGRT approximation provides a reasonable approximation for some of the
states (the scalar and symmetric tensor), while others (the pseudoscalar) are not explained
at all.
These observations taken together provide strong motivation to set up an alternative
perturbative expansion with better convergence properties. As a first step one would like
to understand the physical origin of the GGRT spectrum for D 6= 26. As presented at the
moment it only has the status of an ad hoc fitting formula.
The answer to this question was given in [15,22]. For any value of D, the GGRT formula
(6) provides an exact answer for the finite volume spectrum of a certain integrable reflec-
tionless relativistic two-dimensional theory. The exact S-matrix of this theory is determined
by a two-particle scattering phase shift of the form
e2iδGGRT = ei`
2
ss/4 . (7)
The special role of the critical dimension D = 26 (and also of D = 3, [21]) is that in this
case the theory is both integrable and enjoys a non-linearly realized target space Poincare´
3Another interesting exception is D = 3, c.f. [21].
8
symmetry ISO(1, D − 1). Existence of this family of integrable models is not surprising,
given that the light cone string quantization provides a direct canonical construction of the
corresponding Hilbert space, and does not break the two-dimensional part of the Poincare´
algebra. However, Lorentz invariance had not been firmly established prior to [15,22]4. The
subtlety is that the conventional light cone quantization is performed in the sector with zero
winding number, while the spectrum (6) arises in the sector with a non-trivial winding. The
normal ordering constant in the light cone quantization (which determines the (D− 2)-term
in (6)) is usually fixed by imposing the target space Poincare´ symmetry and it remains
unclear what fixes it in the non-critical dimension.
These questions are resolved by applying the TBA method to reconstruct the finite
volume spectrum from the S-matrix (7). This exactly reproduces the GGRT spectrum (6),
demonstrating both that the GGRT spectrum is indeed the finite volume spectrum of a
relativistic two-dimensional theory and showing that the normal ordering constant is in fact
fixed from the requirement of a two-dimensional Poincare´ symmetry alone in the sector with
a non-trivial winding.
This observation turns out to be important for the idea behind the method described in
this paper, and to illustrate its power, let us review, following [15], how it allows to derive
the universal part of the flux tube spectrum in the conventional `s/R expansion in a simple
way. By straightforward perturbative calculation of the scattering amplitudes one finds that
at the level of the Lagrangian the relation between the integrable family of GGRT theories
and of the effective theory on the world sheet of an infinitely long relativistic flux tube takes
the form
LGGRT = LNG + LPS + . . . . (8)
Here LGGRT stands for the Lagrangian of the GGRT theory (determined by the S-matrix (7)),
LNG is the Lagrangian of the relativistic flux tube theory, LPS is the Polchinski–Strominger
(PS) operator [23],
LPS = D − 26
192pi
∂α∂βX
i∂α∂βX i∂γX
j∂γXj + . . . , (9)
and . . . ’s stand for higher order terms in the `s-expansion. Upon compactification on a circle
of circumference R, the infinite volume relation (8) implies that up to the order (`s/R)
3
the flux tube spectrum coincides with the expansion of the GGRT spectrum. The leading
(`s/R)
5-difference between the two is given simply by the matrix elements of the PS operator.
This is the fastest way to derive the universal perturbative `s/R-results presented in Figs. 1-
3. This general argument agrees with the explicit calculations [24] performed for a large set
of states in the conformal gauge.
In fact, the flux tube spectrum exhibits an even larger set of universal relations. The
relation (8) is a consequence of the universality of the one-loop two-to-two scattering am-
plitude on the worldsheet of the relativistic flux tube. Power counting demonstrates that
actually arbitrary connected one-loop amplitudes are universal and determined solely by the
4We thank Ofer Aharony and Zohar Komargodski for emphasizing this point to us.
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NG part of the action. At finite volume this universality translates into relations between
energies of different flux tube excitations at higher order in `s/R-expansion. These may be
checked by inspecting the leading corrections to binding energies of different states.
Unfortunately, as discussed above, in spite of this high degree of universality, the con-
ventional `s/R-expansion is not very useful for the study of the excited flux tube states
observed in current lattice simulations, which brings us to the main subject of this paper,
the description of an alternative technique based on the thermodynamic Bethe Ansatz.
3. Finite Volume Spectra From Infinite Volume Scattering
To find a cure for the bad convergence property of the `s/R-expansion, let us first understand
the physical origin of the problem. Why do excited states behave so much worse than the
ground state, for which the expansion works extremely well? The difference between the
ground state and the excited states is visible already in the GGRT theory. As apparent from
the expression (6) for the GGRT spectrum the `s/R-expansion for excited states breaks
down when R2/`2s ∼ 4pi(N + N˜), which can be a relatively large number. For the ground
state, however, the radius of convergence corresponds to R2/`2s = (D−2)pi/3, which is much
smaller. Physically, the origin of additional terms of order 2piN/R in the excited states
energies is clear. These are the momenta of free phonons comprising the excited state. This
suggests that it is useful to think of the finite volume energies to be functions of the form
E = `−1s E(pi`s, `s/R) ,
where pi are the momenta of individual particles propagating on the world sheet. The
conventional `s/R expansion assumes the free theory answer for pi and expands the resulting
function in `s/R. The key idea of the new method is to calculate the spectrum in such a
way that these two functional dependences become disentangled.
Our previous discussion, most notably the definition of the GGRT theory by its scat-
tering phase shift (7) suggests a natural language to achieve this. One should perform the
calculation of the finite volume spectrum in two distinct steps. One first calculates the
(infinite-volume) S-matrix and then proceeds towards extracting the finite-volume spectrum
from this S-matrix. The first step corresponds to the perturbative expansion in pi`s and
because of the usual analytic properties of the S-matrix turns out to be convergent even for
momenta which are not particularly small.
Even though it is widely believed that the S-matrix of a quantum field theory uniquely
determines its finite-volume properties, the prescription for the second step is not known in
general. However, it is understood in two circumstances.
For massive theories below the particle production threshold there is a perturbative pro-
cedure first implemented by Lu¨scher [19] commonly used in lattice calculations. There is
no principal obstruction to extend this technique above the inelastic threshold and multi-
channel generalizations of Lu¨scher formulas are being developed (see, e.g., [25, 26]). One
of the major challenges (at least at the technical level) within this approach is to calculate
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winding corrections, coming from virtual particles traveling around the compact dimension.
In massive theories these are exponentially suppressed, and usually are either neglected, or
calculated by accounting for the lowest order winding contributions. In a massless theory,
like the effective string theory, more care is needed because the winding corrections are only
power law suppressed.
For two-dimensional integrable theories there is an exact (non-perturbative) method for
calculating the finite volume spectrum known as the Thermodynamic Bethe Ansatz (TBA)
[16,17]. Even writing down the complete set of equations, especially for excited states, is in
general quite non-trivial and usually involves some amount of guesswork. However, there is
a special class of reflectionless integrable scattering, where the excited states TBA appears
to take a simple universal form [22, 27]. The GGRT model belongs to this class and the
corresponding set of excited states TBA equations is known exactly.
The world sheet theory of flux tubes does not have a mass gap and is not integrable.
However, its leading order scattering amplitudes (in p`s expansion) coincide with those of
the GGRT theory. At the next-to-leading order relativistic effective strings deviate from
the GGRT for general D, and reflections and annihilations appear at this order. However,
in D=4 they still take a special form for which it is possible to write down the full set of
excited state TBA equations. This will be our starting point for the analysis of the flux tube
spectra observed on the lattice. As we will see, this method provides much better control
of the spectra than the conventional `s/R-expansion, and makes it clear that the minimal
effective string theory needs to be extended to explain the lattice data. The extension will
be incorporated in the TBA equations perturbatively.
3.1. Thermodynamic Bethe Ansatz for reflectionless scattering
Let us review the basics of the thermodynamic Bethe Ansatz. For now we consider massless
theories with integrable reflectionless S-matrices with any number of particle species. By
integrability we mean that in every scattering process the number of particles is conserved,
the final particles have the same momenta as the initial ones and the absence of reflections
implies that the final distribution of flavors coincides with the initial one. Integrability
implies that the S-matrix element for scattering of n left- and m right-moving particles is
equal to the product of n×m pairwise S-matrices. Every 2→ 2 S-matrix element in every
flavor channel must be just a number with absolute value 1, as demanded by unitarity,
Scdab = δ
c
aδ
d
b e
2iδab .
The TBA allows to extract the finite volume spectrum of the theory from the phase
shifts δab. There are three key ideas underlying this method. The first is called Asymptotic
Bethe Ansatz (ABA). It is a set of algebraic equations which gives the spectrum in the
approximation where the contributions from virtual particles traveling around the “world”
are neglected. The ABA equations are discussed in more details in the subsection 3.2 together
with their derivation.
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The second idea is the following: instead of considering the theory in the finite volume
R and at zero temperature, one considers the theory in which time and space directions
are interchanged. Consequently this theory appears to live in an infinite volume but at a
finite temperature T = 1/R. For a relativistic theory the space-time interchanged (“mirror”)
theory coincides with the initial one. The asymptotic Bethe Ansatz becomes exact in the
thermodynamic limit and takes the form of certain integral equations which allow to find
the free energy density f(T ) in the mirror interchanged theory. The functional integral
representation of the partition function implies that it is related to the ground state energy
of the initial theory as
E0(R) = Rf(1/R) .
To calculate the energy of excited states the third idea is needed. The prescription is to
deform the contour in the integral equations used for the calculation of the ground state
energy in a certain way [17]. Although the derivation of this procedure for the general case
is not yet known, there is a rigorous mathematical proof of the resulting TBA equations for
certain integrable theories, such as the sinh-Gordon model [27]. For the GGRT theory (the
case we are mainly interested in here) enough rather non-trivial checks were performed [22]
to be certain that the method can be safely applied. In addition to this, in section 3.3, we
will provide partial diagrammatic intuition behind the TBA equations.
We now turn to presenting the TBA equations themselves. There are two contributions
to the energy of a state in this formalism. First, there are “real” particles, with (positive)
momenta equal to pli and pri for left and right movers present in the state. In addition,
there is a “thermal bath” of particles with pseudo-energies al (q) and 
a
r(q) for left- and
right-moving components of the bath5,
∆E =
∑
i
pli +
∑
i
pri +
1
2pi
∑
a
∫ ∞
0
dq ln
(
1− e−Ral (q))+ 1
2pi
∑
a
∫ ∞
0
dq ln
(
1− e−Rar (q)) .
(10)
The thermal bath contribution is responsible for winding corrections and indeed has a ther-
mal origin from the viewpoint of the mirror theory. To distinguish thermal particles from the
real ones we will be denoting the momenta of the former by q. The index a labels a flavor.
The momenta pi label the state. The case without real particles naturally corresponds to
the vacuum state.
The real particle momenta p’s and the pseudo-energies (q)’s are determined from solving
the TBA set of integral equations. These consist of two groups of equations. First, there are
generalized quantization conditions for the real momenta
pliR +
∑
j
2δaiaj(pli, prj)− i
∑
b
∫ ∞
0
dq
2pi
d 2δaib(ipli, q)
dq
ln
(
1− e−Rbr(q)
)
= 2piNi (11)
5As before, we denote the energy as ∆E, as a reminder that the full energy E contains in addition the
classical string tension contribution R/`2s.
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priR +
∑
j
2δajai(pri, plj) + i
∑
b
∫ ∞
0
dq
2pi
d 2δbai(−ipri, q)
dq
ln
(
1− e−Rbl (q)
)
= 2piN˜i (12)
In the absence of interactions, δ = 0, these reduce to the free theory quantization conditions
for a set of particles on a circle. For an interacting theory, the quantization condition is
modified for two reasons. First, pairwise interactions between real particles explain the
appearance of the corresponding phase shifts in (11), (12) (we will explain the origin of this
effect in section 3.2 in detail). Second, there are integral contributions, which account for
winding corrections. Imaginary momenta appearing in (11)-(14) came from performing the
double Wick rotation to the mirror theory. However, the crossing symmetry which in terms
of the phase shift reads δ(pl,−pr) = δ(−pl, pr) = −δ(pl, pr) guarantees that the equations
are actually real. We did not make use of it to simplify the equations and get rid of i’s,
because the crossing symmetry will get modified in the presence of annihilations, which will
be discussed later.
Finally, the pseudo-energies satisfy the following TBA constraints
al (q) = q +
i
R
∑
i
2δabi(q,−ipri) +
1
2piR
∑
b
∫ ∞
0
dq′
d 2δab(q, q
′)
dq′
ln
(
1− e−Rbr(q′)
)
(13)
ar(q) = q −
i
R
∑
i
2δbia(q, ipli) +
1
2piR
∑
b
∫ ∞
0
dq′
d 2δba(q, q
′)
dq′
ln
(
1− e−Rbl (q′)
)
(14)
For the GGRT phase shift 2δaibj = `
2
spliprj it is straightforward to solve the full TBA system
(11)-(14) analytically resulting in (6). Note that in the massive sinh-Gordon model the
full TBA system takes the same form [27], strongly suggesting that this form should be
universal for reflectionless scattering. The full set of TBA equations has a rather intimidating
appearance, however as we just explained, the major complications come from winding
corrections. Dropping them results in the Asymptotic Bethe Ansatz (ABA) equations, which
are known as the Lu¨scher formula in the context of lattice calculations,
pl(r)iR +
∑
j
2δaiaj(pl(r)i, pr(l)j) = 2piNi . (15)
For the massive case all the integral terms are suppressed as exp(−µR), where µ is the mass
gap, as is natural to expect for winding corrections. In our case the winding corrections are
only power-law suppressed, and we have to pay more attention to them. However, as we will
see, for the values of R we consider, the main effect is still coming from the asymptotic part
of the Bethe Ansatz. We will explain the reason for this in section 3.4.
3.2. Asymptotic Bethe Ansatz
In this section we sketch a simple derivation of the multi-channel generalization of the asymp-
totic Bethe Ansatz equatios. It is certainly not new. One of the reasons to present the ABA
derivation here is to stress that the logic underlying this derivation does not directly rely
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on integrability. In particular, we allow for non-diagonal scattering, so that the amplitude
is no longer reflectionless. Conceptually, there appears to be no obstacle in generalizing the
ABA to accommodate particle production. For example to account for the 2↔ 4 processes
one should add matrix elements mixing two- and four- particle states. In the case at hand,
however, these processes are suppressed at low energies. So in what follows we neglect these
effects and assume that the 2→ 2 part of the S-matrix Scdab is unitary.
First let us consider two particles in an infinite volume, the first one moving to the right
and the second one moving to the left. The basis for the in-states is formed by |pr, a ; pl, b〉
and the wave function of a generic state is defined as
ψab(x1, x2) = 〈0|φa(x1)φb(x2)F cd|pr, c ; pl, d〉 , (16)
where the field operators are taken at equal time, F cd denotes the flavor wave function,
and we suppressed the time dependence. Strictly speaking, our discussion assumes that the
states are taken to be wave packets, but to keep the formulas short we do not write this
explicitly. When particles are far apart they do not interact with each other, the energy of
the state is given by |pl| + |pr| and the wave function is just a product of two plane waves.
Thus in the region x1  x2 the wave function consists of two contributions: either the first
particle is found at x1 and the second at x2 — before they scattered, or the second particle
is found at x1 and the first at x2. In the latter case the particles have to scatter before they
reach their positions. As a result the total wave function in this region takes the form
ψab(x1  x2) = eiprx1+iplx2F ab + eiplx1+iprx2SbacdF cd. (17)
The same reasoning applied in the region x1  x2 gives
ψab(x1  x2) = eiplx1+iprx2F ba + eiprx1+iplx2SabcdF cd. (18)
Now we will consider this state in a finite volume and impose the corresponding periodicity
condition. To achieve this, let us consider x1 and x2 such that x1  x2  x1 +R. Then the
periodicity of the wave function ψ(x1, x2) = ψ(x1 +R, x2) demands
eiprRSabcdF
cd = F ab (19)
All other periodicity conditions are equivalent because the total momentum p1 + p2 is quan-
tized in units of 2pi/R. Eq (19) has solutions iff
det
(
eiprRSabcd − δac δbd
)
= 0, (20)
where (ab) as well as (cd) should be treated as a single matrix index when the determinant
is taken. This is the multi-channel generalization of the Lu¨scher formula, which imposes the
relation between the S-matrix and the allowed momenta of particles in the finite volume. If
the S-matrix is known it allows to find the energy spectra, given by |pl| + |pr|. Conversely,
if the spectra as functions of R are known one can reconstruct the S-matrix.
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It is straightforward to extend this derivation for mulitparticle states in integrable theo-
ries. In particular, for reflectionless scattering one immediately arrives at (15). As we already
said, there appears no fundamental obstacle to extend these arguments for non-integrable
theories, even though obtaining the explicit equations is likely to be quite challenging due
to inevitable mixing between states with different number of particles.
Anticipating what will happen later, let us point out one of the main reasons why the TBA
technique displays better convergence than the conventional (`s/R)-expansion. As follows
from the ABA equations (15) the actual momenta pi of interacting phonons are smaller than
the free theory value 2piNi/R, if the phase shift δ is a growing function of the momentum.
Given that the perturbative parameter for the low energy expansion is pi`s, accounting for
this effect improves the convergence properties of the expansion.
3.3. Towards a diagrammatic interpretation of TBA
From the presented derivation it is clear that the winding corrections are absent in the ABA
system (20) because we did not take into account virtual quanta propagating around the
world. For the GGRT theory these are accounted for by the “thermal” contributions in (10)
and (11), (12) together with a set of integral equations (13), (14) for pseudo-energies.
These equations were obtained following the idea pioneered in [17]. The starting point are
the ground state TBA equations derived in [16]. These are (10) and (13), (14) without any
real particle contributions. The idea of [17] is that the ground state energy as a function of a
sufficiently large set of external parameters allows the reconstruction of the full set of excited
states energies by analytic continuation in the parameters and exploiting the monodromies
the equations and solutions undergo when circling singularities in the complex plane.
To arrive at the excited states TBA equations for the GGRT model, one may for example
introduce chemical potentials µal(r) for the number of phonons. These are incorporated by
shifting the pseudo-energies
al(r) → al(r) + µal(r)
in the thermal integrals in (13), (14). As a result of an analytical continuation along a
contour in the complex plane of µ’s, which starts and ends at µ = 0, the integrals may pick
up extra contributions from circling around the branch points of the logarithm. These give
rise to the contributions in (13), (14) corresponding to real particles. The generalized ABA
equations (11), (12) determine the positions of the singularities. Particle number simply
counts how many times different singularities were circled.
Unfortunately, there is still an ambiguity left in this prescription concerning the correct
direction for circling around the singularities (the one corresponding to positive particle
numbers Ni). This may be fixed by requiring that one reproduces the correct result in the
free theory limit, `s → 0.
This line of reasoning leads to the correct result for the excited states TBA. Nevertheless,
it is tempting to look for a diagrammatic understanding of how the excited states TBA arises.
In particular, one may hope to see that it corresponds to a certain resummation of the
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conventional perturbative expansion, which would help to illuminate the origin of the better
convergence of the TBA method. Some insight into this issue was given in [18, 19] (see [28]
for a review and generalization to an arbitrary dispersion relation). However, the proposed
diagrammatic method corresponds to an expansion in winding corrections or exp(−mR)
because massive particles were considered. Since winding corrections in massless theories
are only power law suppressed, this expansion does not provide a good approximation. This
motivates us to look for an alternative resummation of Feynman diagrams.
At this point we do not have a complete solution to this problem, but instead merely
report on partial progress in this direction. First, recall that even though our theory is
massless and winding corrections are not suppressed exponentially, numerically they are
nevertheless small for values of (D−2) of interest. We already mentioned the reason for this
at the end of section 3.1 and will illustrate this point numerically later on. This suggest an
iterative solution of the TBA equations, in which one first ignores the integral parts, finds
corresponding ’s and p’s and then solves the integral equations iteratively.
Note that this expansion is different from the expansion in winding number mentioned
above. The latter corresponds, roughly, to expanding the thermal TBA logarithms in a series
of exponential terms e−nR.
To see that the convergence of this method is good at least for the GGRT theory, notice
that that to leading order it corresponds to the expansion of the square-root formula (6) in
a formal parameter (D − 2), and the latter is convergent for any state for the values of R
and (D − 2) we consider. For the ground state, the (D − 2) expansion is equivalent to the
`s/R expansion, but they behave differently for all excited states. For instance, completely
neglecting the (D − 2)-contributions results in the following ABA spectrum for the GGRT
theory,
Ecl(N, N˜) = `
−1
s
√
R2
`2s
+
4pi2`2s(N − N˜)2
R2
+ 4pi
(
N + N˜
)
. (21)
This coincides with the spectrum of the classical string. In the rest of this section we
demonstrate how the first term of the (D − 2) expansion of the spectrum (6) arises in the
diagrammatic language.
We will organize the calculation in the following way. One starts with a set of parti-
cles, corresponding to a chosen state, with momenta determined by the ABA quantization
conditions. At this stage winding corrections are not included yet, so it is appropriate to
think of this state as a “gas” in an infinite volume albeit in a very special state in which
all particles have the same momentum. The leading winding corrections then take the form
of conventional bubble diagrams with the propagator taken to be the one for fluctuations
around this gas.
To illustrate how this works in practice, let us first consider a state on a circle with a
single left-moving phonon. The ABA quantization is equivalent to the free one in this case,
so the momentum of the particles in the gas is pl = 2piN/R. It is convenient to introduce also
the parameter αl = `
2
spl/R; physically this is the energy density of the gas (in string units).
Consider a probe particle with a momentum qα, propagating through the gas. To calculate
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Figure 4: Propagator for a virtual quantum in the presence of the real left-moving
particles indicated in the figure by crosses.
the dressed propagator for this particle one needs to resum the diagrams represented on
Fig. 4. In terms of the momentum expansion, we restrict ourselves to the leading term.
So only tree level diagrams are taken into account. All one-particle irreducible diagrams
containing more than two gas insertions vanish in this case, so we obtain the propagator
exactly to all orders in αl as a geometric series,
G(q) =
i
(q20 − q21)
+
i
(q20 − q21)
iM
2plR
i
(q20 − q21)
+ . . . , (22)
where M is the forward scattering amplitude for the scattering of the virtual particle off a
phonon in the gas,
M = 2`2sp2l (q0 + q1)2 ,
and the factor of 1/R stands for the number density of phonons. By calculating the geometric
series we obtain
G(q) =
i
(q0 + q1) (q0 − q1 + (q0 + q1)αl) . (23)
Since left-movers do not interact with each other, the dispersion relation for a left-moving
quantum does not get modified in a purely left-moving gas. On the other hand, the right
moving probe is slowed down by interactions and its dressed dispersion relation is
q0 =
1− αl
1 + αl
q1 .
Note that for αl > 1 a “right-mover” gets carried away by the gas and actually propagates
to the left. It is now straightforward to construct the quadratic effective action reproducing
the propagator (23),
Seff =
∫
d2σ
(
1 + αl
2
x˙ix˙i +
αl
2
x˙ixi′ − 1− αl
2
xi′xi′
)
. (24)
Now, following the logic outlined above, we calculate the energy of the state on a circle as the
sum of the energy of the real left-moving particle, pl and the winding contribution. At leading
order the latter is the ground state energy of the free theory with the action (24). It can be
calculated either using ground state TBA (for the mirror theory), or directly. Proceeding
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in the direct way, we calculate the energy as the expectation value of the Hamiltonian
corresponding to (24),
〈Heff〉 =
〈∫ R
0
dσ
1 + αl
2
x˙ix˙i +
1− αl
2
xi′xi′
〉
(25)
By making use of the Poisson summation formula we write the result as a sum over windings,
〈Heff〉 =
∑
n 6=0
∫
d2q
(2pi)2
iR ((1 + αl)q
2
0 + (1− αl)q21) eiq1nR
2(q0 + q1)(q0 − q1 + (q0 + q1)αl) , (26)
where we dropped the zero winding contribution. After performing the Wick rotation for q0
one closes the q1-contour and takes the q1-integral by residues. The resulting total energy of
the state is
∆E = pl +
D − 2
2pi
(∫ ∞
0
dq ln
(
1− e−Rq)+ ∫ ∞
0
dq (1− αl) ln
(
1− e−Rq(1+αl))) =
= 2piN/R− (D − 2) piR
6(R2 + 2piN`2s)
(27)
This is exactly what one gets from the first iteration of solving integral equations (10)–(13)
perturbatively in winding contributions, or equivalently by expanding the exact answer (6) in
(D− 2). Unlike the `s/R-expansion, the approximation (27) provides an extremely accurate
estimate for the exact result down to R ∼ `s, see Fig. 5.
Furthermore, just like the exact result, the expression (27) turns into a series with a
rather small radius of convergence, when expanded in `s/R. The above derivation sheds
light on the physical origin of this behavior and on the nature of the improvement achieved
by the TBA method. The singularity in (27), which determines the radius of convergence of
the `s/R-expansion corresponds to αl = 1, when both modes become left-movers. Using the
dressed propagator in our calculation allows to avoid spurious singularities associated with
this effect.
The same reasoning can be applied to all states which contain only left-moving excita-
tions. In principle, there is no obstacle to extend the same logic to the states containing
both left- and right-moving phonons. One modification in this case is that the momenta
of the particles in the gas pl and pr are not given by the free quantization condition any-
more, rather they are solutions of the Lu¨scher equation (15). The difficulty now, however,
is how to obtain the result at all orders in the particle’s energy densities αl(r) = `
2
spl(r)/R.
The reason is that now left- and right-moving particles interact with each other, so there
are non-vanishing one-particle irreducible diagrams with more than four outgoing legs con-
tributing to the dressed propagator. It may be possible to sum all these diagrams for the
NG action at least at the tree level, but we leave this for future work. Instead, let us present
the perturbative result in α’s, accounting only for the four-particle interactions, as before.
This leads to the following dressed propagator for a probe particle,
G(q) =
−i
q20 − q21 + (q20 + q21)αl + (q20 − q21)αrR
. (28)
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Figure 5: ∆E = E − R/`2s for excited states of the GGRT theory with one and two
units of KK momentum in orange and red, respectively. The dotted lines show the
prediction of a derivative expansion, the longer dashes show the prediction of the GGRT
theory, and the shorter darker dashes represent our diagrammatic approximation. The
diagrammatic approximation and the exact result are virtually indistinguishable.
As expected, the dispersion relation for both left- and right-movers is modified in this case.
Calculation similar to the one we did for the purely left-moving state results in the following
expression for the energy at the leading order in α’s,
∆E = pl + pr − (D − 2)pi (1− αl − αr)
6R
(29)
As illustrated in Fig. 6, this leads to a significant improvement when compared to the naive
`s/R expansion, but still is not accurate at small radii, where the energy densities αl(r)
become large and multiparticle interactions must be included.
We feel the above perturbative examples serve well the purpose of illustrating the physics
underlying the TBA method. It is an interesting open question whether they can be pushed
to higher order. We already mentioned that already at the tree level one needs to learn
how to resum an infinite number of tree-level diagrams. But one may also try to be more
ambitious and push the matching calculation resulting in the effective action (24) to higher
order. It would be interesting to study whether this method allows to reproduce the full
TBA system in the (D − 2)-expansion, or whether new physical ingredients are required.
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Figure 6: ∆E = E −R/`2s for excited states of the GGRT theory with one a left- and
right-moving phonon each with one unit of KK momentum. The dotted lines show the
prediction of a derivative expansion, the longer dashes show the prediction of the GGRT
theory, and the shorter darker dashes represent our diagrammatic approximation.
3.4. UV insensitivity of winding corrections
It is apparent from the above discussions that winding corrections are more subtle and
harder to account for than the ABA part of the finite volume spectrum. In particular, if one
is interested in a specific state with a fixed number of particles, solving the ABA requires
diagonalization of the S-matrix only in that sector. One the other hand, accounting for wind-
ing corrections always involves a complete diagonalization of the S-matrix for an arbitrary
number of particles. At some point later on (when discussing the resonance contribution in
section 4.3) we will find ourselves in the situation, when the ABA part is straightforward
to write down and solve. At the same time a complete diagonalization of the S-matrix is
currently unavailable, and the winding corrections cannot be accounted for.
In a situation like this in massive theories it is a common practice to neglect the winding
corrections, given that these are now exponentially suppressed. In section 4.3 we will employ
a similar strategy and use lower order approximation to the phase shift in the winding part
of the TBA than in the ABA part. Heuristically this may be justified by noting that the
problem arises due to massive resonant contribution, and the same justification as in the
massive case applies. In fact, there is a general reason for winding corrections to be less
sensitive to the UV physics than the asymptotic part. The integrals over the thermal bath
in the full TBA system are exponentially cut off for momenta above q ∼ 1/R, which is
smaller than the characteristic momenta of real particles. In the free theory approximation
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Figure 7: The integrand appearing in the winding corrections as a function of mo-
mentum. The blue line represents the integrand for the ground state. The red line
shows the integrand for left-moving pseudo-particles in the presence of a right-moving
excitation with one unit of KK momentum or vice-versa. The radius of the circle is
taken to be R = 1.5 `s, smaller than radii we are typicall interested in. Nevertheless,
the integral is dominated by soft pseudo-particles and is rather insensitive to the UV
behavior of the scattering amplitude.
the latter are of order 2pi/R. We illustrate this point for the GGRT theory in Fig. 7. We
see, that even for a very short compactification radius, the winding integral is dominated by
rather soft momenta and, as a consequence, is not very sensitive to higher order corrections
to the amplitude.
4. Energy Levels of Flux Tubes
We are now in a good position to move on to the main topic of the paper and to apply the
TBA technique to the calculation of the flux tube spectra. The first step is to calculate the
world sheet S-matrix perturbatively in the p`s-expansion. As explained in section 2, the
phonon scattering on the world sheet of a flux tube is universal up to `4s. The corresponding
amplitudes were calculated in [15]. At this order there is no particle production, so the
S-matrix is integrable and completely determined by the two particle elastic amplitudes.
To describe the latter it is convenient to characterize two-particle states according to their
quantum numbers under the unbroken group O(2) of rotations in the transverse plane.
One finds one scalar |s〉, one pseudoscalar |p〉 and two components |t,±〉 of the symmetric
tensor O(2) representations. Introducing creation operators for states of definite helicity,
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i.e., eigenstates of the continuous SO(2) rotations in the transverse (X2, X3) plane,
a†l(r)± = a
†
l(r)2 ± ia†l(r)3 , (30)
the corresponding states take the form
|s〉 = (a†l+a†r− + a†l−a†r+)|0〉
|p〉 = (a†l+a†r− − a†l−a†r+)|0〉
|t,±〉 = a†l±a†r±|0〉 . (31)
The two-particle S-matrix is diagonal in the basis (31) and at order `4s reduces to the elastic
scattering phases in each of the channels, which are equal to
δs(p) = δGGRT + δPS +O(`6s) (32)
δt = δGGRT − δPS +O(`6s) , (33)
where δGGRT is the GGRT phase shift (7), and δGGRT is the Polchinski–Strominger phase
shift given by
2δPS =
26−D
24pi
`4s(plpr)
2 , (34)
where we restored the dependence on the dimension D of the target space-time6. The
appearance of the critical string dimension Dc = 26 in the PS phase shift (34) indicates that
it introduces qualitatively new effects as compared to the leading GGRT phase shift. Indeed,
one can show that the PS phase shift is responsible for the eventual breaking of integrability
on the world sheet of a non-critical string at higher order in the `s expansion.
At order `4s, which we are working in, the theory is still integrable, but is not reflectionless
anymore. The PS shift removes the degeneracy between phase shifts in different channels;
the phase shift in the tensor channel is different from the one in the scalar and pseudoscalar
channels. As a consequence, annihilation transitions like a†l2a
†
r2|0〉 → a†l3a†r3|0〉 are possible
at this order.
As a result, in general, one expects that the reflectionless TBA, described in section 3,
can no longer be applied. For general D, this is indeed the case. However, D = 4, when the
string only two transverse directions, is special. Switching to the helicity basis (30), allows
to diagonalize the S-matrix for an arbitrary number of particles. Hence, for two flavors, we
can still apply the full reflectionless excited TBA system described in section 3. The only
modification is that the TBA particles have to be labeled by their helicities rather than by
O(2) flavors. The corresponding phase shifts are given by
δ++ = δ−− = δt ,
δ+− = δ−+ = δs(p) . (35)
6Of course, for D 6= 4 the expressions (31) should be modified, and the pseudo-scalar representation turns
into an antisymmetric tensor.
22
Before concluding the section, let us briefly comment on the D = 3 case since we will
discuss the D = 3 lattice data. In that case one finds a single two-particle state with zero
total momentum. The PS amplitude in this case vanishes for kinematic reasons, and the
world sheet S-matrix agrees with the GGRT S-matrix at order `4s.
Let us now apply the TBA approach to various states (and theories).
4.1. Ground state energy
As discussed in section 2, the ground state is the only state for which the conventional
`s/R-expansion is adequate for explaining the data. The vacuum matrix element of the PS-
operator (9) vanishes. So the ground state energy deviates from that in the GGRT model
only at order (`s/R)
7. As shown in Fig. 1 the sum of the universal terms agrees very well with
the lattice data. One finds equally good agreement by applying the TBA method. Using
the leading `2s-order expression for the phase shift (i.e., the GGRT phase shift), the solution
of the TBA equations with N = N˜ = 0 reproduces the GGRT vacuum energy (see [22] for
details). Figure 1 shows that the two result are undistinguishable at the currently available
level of precision of the lattice data.
Including the PS phase shift does not change the answer, in agreement with the result
from the `s/R expansion. Indeed, in this case all TBA particles are characterized by a single
pseudo-energy (q), which is obtained by solving a single TBA constraint which takes the
form (c.f. with a general form of the TBA constraints (13), (14)),
(q) = q +
1
2piR
∫
dq′
(
d 2δ++(q, q
′)
dq′
+
d 2δ+−(q, q′)
dq′
)
ln
(
1− e−R(q′)
)
. (36)
The PS-contribution cancels in the sum of the phase shifts and one obtains exactly the same
pseudo-energy as in the GGRT theory, and correspondingly the same result for the vacuum
energy.
4.2. Purely left(right)-moving states
Let us turn to states which contain only left- (or right) moving real phonons, i.e. N˜ = 0 and
arbitrary N . This is the simplest class of states for which the standard `s/R-expansion breaks
down even for relatively long strings as can be seen Fig. 2. Fortunately, these states are still
simple from the point of view of the TBA. The asymptotic Bethe Ansatz is especially simple,
because there are no interactions between left-movers. Accounting for windings by keeping
the leading GGRT part of the scattering amplitude, one obtains the GGRT expression as an
approximation for the energies of these states. As we already discussed, this approximation
works very well.
To find the result for the amplitude to order `4s given in equation (35), we have to solve the
TBA constraints (13) and (14) for four different pseudo-energies ±l , 
±
r . As a consequence,
different from the ground state, the energies acquire a dependence on the PS phase shift (even
though the PS operator has zero matrix elements for these states, so there is no (`s/R)
5-
correction in the standard perturbative expansion). The TBA equations together with the
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Figure 8: This plot shows ∆E = E −R/`2s as a function of the length of the flux tube
for the states with left-movers with one and two units of KK momentum in orange
and red, respectively. The data is taken from [5]. The solid lines show the theoretical
predictions derived from equations (41)-(43) with the PS interaction taken into account
to all orders. The darker dashed lines show the result in which only the GGRT phase
is included. The dot-dashed line shows the ABA or in this case equivalently the free
theory result.
explicit expressions for the phase shifts (35) imply that pseudo-energies are now complex
and of the form
±l(r)(q) = cl(r)q ± idl(r)q2 (37)
with real cl(r) and dl(r).
The resulting set of equations for the coefficients c and d are straightforward to solve
numerically. The result is presented in Fig. 8. The figure shows both the result in which the
windings are evaluated for the phase shift at order `4s as discussed here and for the GGRT
phase. In accordance with our earlier discussion about the UV insensitivity of the winding
corrections the effect of the PS phase is very small (. 0.5%).
The GGRT winding corrections are in fact also small. This can be seen in Fig. 8 which
also shows the ABA result, or equivalently the free theory answer, for the energies. The
physics of these states is very simple. To a very good approximation they are just collections
of free phonons.
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4.3. States with left- and right-mover and a new massive state
We now consider the states with one left- and one right-moving particle each carrying one
unit of momentum, i.e., N = N˜ = 1. These are the lowest energy states for which the ABA
is non-trivial and we will finally be able to see all ingredients of the TBA method at work.
Figure 3 shows that for these states the naive derivative expansion does not provide a good
approximation for strings with lengths accessible on the lattice.
As before, keeping the GGRT part of the phase shift in the TBA system results in the
GGRT expression for the energies. From Fig. 3 one finds that it provides a reasonable
approximation for the scalar and tensor levels, but not for the pseudoscalar. Let us now
include the PS phase shift. Similarly to purely left-moving states we are after four complex
pseudo-energies ±l , 
±
r . They are again of the quadratic form (37) and satisfy the same
reality conditions. Since our states satisfy pl = pr, the TBA system imposes the additional
relation ±l (q) = 
±
r (q) for the scalar and pseudo-scalar state and 
±
l (q) = 
∓
r (q) for the tensor
states. The resulting equations for c and d are again readily solved numerically. The results
are shown in Figure 9. The convergence of the TBA result is significantly better than that
of the `s/R-expansion. For the scalar and tensor levels we also find significantly improved
agreement with the lattice data. This is noteworthy especially because so far we have not
introduced any free parameter in our analysis in addition to `s, which is fixed from the
ground state data, just like in the `s/R-expansion. So the curves presented in Fig. 9 are the
results of a calculation from first principles.
The improvements in the convergence of the perturbative expansion are more prominent
for the scalar state than for the tensor states. The reason for this is that in the TBA method
the perturbative approximation enters in the calculation of the scattering amplitudes. How
good the perturbative expansion is, is controlled by how soft the phonon momenta p`s, that
comprise the states. These momenta are determined from solving the TBA system and take
different values in the different channels for the same value of R. The PS correction in
the (pseudo)scalar channels adds to the tree-level phase shift. In the tensor channel it has
opposite sign so that the phase shift grows more slowly. In agreement with the discussion at
the end of section 3.2, the phonon momenta are then softer in the (pseudo)scalar sectors so
that the perturbative expansion behaves better.
To demonstrate this effect, the theoretical curves on the plot are terminated when the
momenta of the particles become large enough so that the one-loop contribution to the phase
shift δPS becomes equal to the tree level one δGGRT . This happens when p ≈ 1.8`s.
Even though the PS contribution to the phase shift affects these states significantly, its
effect on the winding corrections is still negligible because the winding corrections are UV
insensitive as shown earlier. To illustrate this explicitly for these states, we also solved the
TBA system by including the PS phase shift in the asymptotic Bethe Ansatz but neglecting
it in all winding contributions (i.e., in the TBA constraints (13), (14) and in the integral
terms in the momenta quantization conditions (11), (12)). The result is shown in Figure 9
together with the exact treatment. The difference is again less than ∼ 0.5%.
The improved theoretical control makes it manifest that the anomalous behavior of the
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Figure 9: This plot shows ∆E = E −R/`2s as a function of the length of the flux tube
for the lowest lying states containing both left- and right-movers. The parity even and
parity odd states with spin 0 are shown in blue and red, respectively. The states with
spin 2 are shown in green. The data is taken from [5]. The red, blue, and lighter green
lines show the theoretical predictions derived from equations (41)-(43) with the PS
interaction included to all orders. The darker green dashed line shows the result when
both the GGRT and PS phase is taken into account in the asymptotic Bethe Ansatz,
but but only the GGRT phase is taken into account for winding corrections. The two
are virtually indistinguishable, once again showing the UV insensitivity of the winding
corrections. The dashed gray line shows the result for the GGRT theory.
pseudoscalar level is a genuinely new physical effect and is unrelated to the bad convergence
of the expansion. At this order the scalar and pseudoscalar states, for which the expansion
is well-behaved, are predicted to be degenerate. However, the observed splitting between
the scalar and pseudoscalar states is larger than the splitting (both predicted and observed)
between the scalar and tensor states even for relatively long strings. It is then implausible
to expect that this discrepancy will disappear by including higher order contributions to the
world sheet S-matrix.
This strongly suggests that to explain the anomalous behavior of the pseudoscalar level we
need to reconsider the basic assumptions underlying our calculation and add a qualitatively
new input. An important hint suggesting the missing ingredient comes from observing that
the energy of the pseudoscalar level is practically independent from the length of a flux tube.
This suggests that we are observing a light massive excitation on the world sheet of a flux
tube – a new particle. A similar explanation for the energy of the pseudoscalar level was
suggested earlier in [5].
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It is straightforward to incorporate such a state in our effective string theory framework.
The minimal possibility is to introduce a new massive pseudoscalar field φ on the flux tube
world sheet. At the leading order in the derivative expansion interactions of such a field with
the Goldstones are described by the following Lagrangian,
Lφ = −1
2
(∂φ)2 − 1
2
m2φ2 − α
8pi
φijαβ∂α∂γX
i∂β∂
γXj + . . . , (38)
where dots stand for terms, which are higher order in fields and derivatives. In particular,
these include model independent quartic φφXX couplings originating from the covariant
completion of the kinetic and mass term for φ.
The presence of four-derivatives in the leading pseudoscalar φXX coupling in (38) is
dictated by non-linearly realized Lorentz invariance. It requires that every term in the
action corresponds to the expansion of some geometric invariant (see, e.g., [29] for a recent
discussion). The invariant that corresponds to the interaction term in (38) is rather special
and deserves some attention. It originates from
ν =
α
8pi
φKiαγK
jγ
β 
αβij , (39)
where Kiαγ is the extrinsic curvature of the world sheet. Thus, φ is coupled to the topological
invariant known as the self-intersection number of the string world sheet. The existence of
this world sheet θ-term for a string in a four-dimensional target space was pointed out by
Polyakov [30], and it was suggested that it should be generated on the flux tube world sheet
in the presence of the bulk θ-term [31]. Given this coupling, it is natural to refer to the field
φ as the world sheet axion.
This axion is not a stable particle, so it should not be added to the set of asymptotic
states in the TBA system. However, it does contribute to the scattering of Goldstones. In
particular it appears as a resonance in the pseudoscalar channel, where its effect is most
pronounced. A diagrammatic calculation using the action (38) to leading order in α gives
the following contribution to the two-particle phase shift
2δres(p) = σ1
α2`4sp
6
8pi2(4p2 +m2)
+ 2σ2 tan
−1
(
α2`4sp
6
8pi2(m2 − 4p2)
)
. (40)
with σ1 = (−1, 1, 1), σ2 = (0, 0, 1), for scalar, symmetric, and pseudoscalar channels, respec-
tively. The σ2-term represents the resonant s-channel contribution, while the σ1-term arises
from the t- and u-channels.
Accounting for the pseudoscalar resonance in the winding contributions is problematic
because switching to the helicity field basis (30) no longer diagonalizes the full S-matrix.
Already in the two-particle sector the phase shifts (40) now take different values in the scalar
and pseudoscalar channels (which is, of course, the reason we introduced the resonance in
the first place). As a consequence, we can no longer include the PS contribution into winding
corrections either. However, we have already seen that the winding corrections are not UV
sensitive and that the error introduced by not including the PS contribution in the winding
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corrections is negligible (. 0.5%). From now on, we will thus account for the full phase shifts
only in the ABA part of the generalized momentum quantization conditions (11), (12) and
everywhere else keep only the GGRT contribution. This significantly simplifies the TBA
system. The pseudo-energies become real, independent of the flavor of the particles and
linear in momenta,
1l(r)(q) = 
2
l(r)(q) = cq .
This converts the TBA equations into the following simple system of algebraic equations
c = 1 +
p`2s
R
− pi(D − 2)
12R2c
`2s, (41)
pR + 2δ(p)− pi(D − 2)
12Rc
`2sp = 2piN, (42)
where N = 1, and the expression for the energy is
∆E = 2p− pi(D − 2)
6Rc
. (43)
Depending on the state, the phase shift in equation (42) is given by the sum of one of (32),
(33) and of (40).
The axion introduces two free parameters, the mass m and the coupling α (or, equiva-
lently, the width). We determine them by fitting the model to the data and find
m`s = 1.85
+0.02
−0.03 , α`
−2
s = 9.6± 0.1 . (44)
In physical units this corresponds to approximately 750 MeV, which is about a half of
the mass of the lightest glueball. It should be kept in mind that the presented error bars
reflect the statistical uncertainty only. We estimate the systematic errors to be comparable.
The results are presented on the Fig. 10. The lines on the plot become dashed where δPS
becomes equal to δNG. We see that including the axion not only provided a very good fit for
the pseudo-scalar state, but also significantly improved the fit in other channels thanks to
the σ1-term in (40). Note that the sign of this correction cannot be changed by varying the
parameters so that this is rather non-trivial. The best fit values correspond to a relatively
narrow resonance with a width equal to
Γ = 0.39/`s = 0.21m.
4.4. Determination of phase shifts from the data and excited levels
Another advantage of the method developed in this paper is that it allows us to present the
data in a new way. Similar to the standard procedure used to extract scattering amplitudes
from lattice calculations [19], we can use the system of equations (41)-(43) to solve for p
and δ given ∆E(R). The only difference is that we include winding corrections because
our phonons are massless. This alternative way of presenting data allows us to directly
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Figure 10: This plot shows ∆E = E − R/`2s as a function of the length of the flux
tube for the lowest lying states containing both left- and right-movers. The data is
again taken from [5] and the coloring is as in Figure 9. The red, blue, and green lines
show the theoretical predictions derived from equations (41)-(43) with GGRT, PS and
resonance contribution to the phase shift included in the asymptotic Bethe Ansatz,
but with winding corrections only taken into account for the GGRT contribution.
Lines are shown as dashed where the PS contribution becomes larger than the GGRT
contribution.
visualize the presence of a resonance and the extent to which the resonance improves the
fit in the scalar and tensor channel. In addition, it has the advantage that we can combine
different excited states in the same plot because they probe the same underlying scattering
amplitudes. As an example, let us look at the phase shift for the states with one left- and
one right-mover as a function of the center of mass energy extracted from the data for the
energy levels. In this case the solution can be written in a relatively compact form
pl = pr =
∆E
2
+
pi
6(∆E`2s + 2R)
, (45)
2δ = 2pi − ∆ER
2
+
pi
18
3∆E2`4s + 2pi`
2
s − 12R2
(∆E`2s + 2R)
2
. (46)
The resulting phase shift as a function of momentum extracted from the data is shown in
Fig. 11 along with the theoretical predictions for scattering phase shifts in various channels.
We also included the data for the next excited pseudoscalar level in the lower panel. The
theoretical prediction and the data still agree for the excited state at low momenta, but the
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Figure 11: This plot shows the scattering phase shift δ for two Goldstone bosons as
a function of the center of mass momentum in the symmetric traceless, scalar, and
antisymmetric channel in the top, middle, and bottom panel, respectively. The solid
and the long dashed lines show the theoretical prediction with and without the world
sheet axion, respectively.
agreement becomes noticeably worse as the momentum increases. Nevertheless, one clearly
sees the characteristic resonance shape with a mass m ' 1.8−1.9`−1s . The middle and upper
panels of the same figure show the scalar and tensor channels, and it is clear that in these
channels there is no sign of a resonance. The dashed curves represent the theory prediction
in the absence of the resonance and only depend on one parameter, the string width `s. The
lower panel clearly shows that a new massive pseudo-scalar particle has to be introduced to
explain the data.
Of course, the introduction of a new massive pseudo-scalar state makes additional pre-
dictions. As already mentioned, it also affects the scalar and tensor states and improves
the agreement between theory and lattice data for them. In addition, we should be able to
give momentum to this particle so that it makes definite predictions for excited states with
non-zero total momentum for which data is also available. If we extract phase shifts from the
data for excited states with one left- and one right-mover with unequal momenta, we expect
to find a resonance there as well. We show the result for the state in which the left-mover
has one and the right-mover has two units of KK momentum in Fig. 12 together with the
theoretical prediction and the data for the state with zero total momentum, which we dis-
cussed earlier. Similarly, it makes predictions for the scalar and tensor states with non-zero
total momentum. The states with one unit of total momentum for scalars and tensors are
also shown in Fig. 12. The phase shifts extracted from the different excited states agree
relatively well, almost within the statistical errors of the lattice calculations. In particular,
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Figure 12: This plot shows the scattering phase shift δ for two Goldstone bosons as
a function of the center of mass momentum in the symmetric traceless, scalar, and
antisymmetric channel in the top, middle, and bottom panel, respectively. The darker
points show the lowest-lying states with zero total momentum, the crosses show the
first excited pseudoscalar state, and the squares show the lowest-lying states with one
unit of total momentum. The lines show the theoretical prediction.
we do see the resonance not only in the state with total momentum zero but also in the
state with non-zero momentum. The small discrepancy between the two can be attributed
to two effects. We did not include the finite size corrections due to the resonance itself into
our calculation. An estimate shows that this affects the data points corresponding to the
shortest lengths more strongly (as one would expect), and bring the phase shifts from the
state with total momentum zero and unity into slightly better agreement. The remaining
difference seems to be due to discretization effects in the lattice calculations themselves that
are also responsible for the splitting between the two tensor states.
4.5. D = 3 Yang–Mills
These techniques can, of course, also be applied to existing lattice data in D = 3 dimensions.
In this case we have a single channel for two-particle scattering. The non-linearly realized
Lorentz invariance implies that the phase shift takes the form
2δ = 2δGGRT +O(`6ss3) . (47)
The corrections here are non-universal. In particular, as already mentioned, the GGRT
phase shift itself is compatible with non-linearly realized Lorentz symmetry for D = 3.
In this section, we will compare data from [6], which is for gauge group SU(6) with
β = 171 and the Wilson loop in the fundamental representation, with the GGRT prediction.
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Figure 13: This plot shows the energy and scattering phase shift δ for the lowest-lying
parity even states with zero total momentum. The lines show the theoretical prediction
of the GGRT theory.
The result for the five lowest-lying states with an even number of phonons and zero total
momentum is shown in Figure 13. We see that all states are in qualitative agreement with
the GGRT phase shift and see no evidence for new light massive states. However, there are
small quantitative differences between the GGRT prediction and the data. The energies of
the states shown in yellow and orange correspond to states with two and four phonons and
are predicted to be degenerate. However, they appear to be split in the data. Furthermore,
the measured energies are systematically below the GGRT prediction. This suggests that
the binding energy between the phonons is larger in the SU(6) gauge theory than in the
GGRT theory which implies a phase shift that grows more rapidly, consistent with what is
seen in the right panel of Figure 13. It is then natural to introduce corrections into the phase
shift
2δ = 2δGGRT + γ3`
6
ss
3 , (48)
and determine this leading correction from the data using the TBA, taking into account
only the GGRT phase shift in the windings as before. Such a correction to the phase shift
would follow from higher order geometric invariants in the Goldstone theory such as R2 in
the action, and we can trust our procedure provided the coefficient is small enough so that
this is in fact a correction for the range of momenta of interest. Based on loop counting,
one expects the coefficient to be of order 1/(2pi)2, so that this should roughly be reliable
for p`s .
√
2pi, which includes all data points of the first excited state for both two- and
four-particle states, but only some of the second excited two-particle state. We extract γ3
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Figure 14: This plot shows the energies of the states included in the fit for the correction
to the scattering phase shift at order `6s. The lines show the theoretical prediction. For
the second excited two-particle state, only data for six longest strings is included in
the fit because the phonon momenta become too large.
from the first excited two-particle state using the TBA equations (41)-(43) as well as the
first excited four-particle state using
c = 1 + 2
p`2s
R
− pi(D − 2)
12R2c
`2s , (49)
pR + 4δ(p)− pi(D − 2)
12Rc
`2sp = 2piN , (50)
with N = 1, and
∆E = 4p− pi(D − 2)
6Rc
. (51)
Including all data points with p`s ≤ 2, and taking the error bars at face value, we find
γ3 =
0.7± 0.1
(2pi)2
, (52)
non-zero at approximately 7 σ. This correction increases the binding energies and thus lowers
the energies of the theory prediction. It also introduces a splitting between two-particle states
and four-particle states in agreement with the data simply because the phonons comprising
the two-particle states carry larger momenta and will be more strongly bound than the
phonons making up the four-particle states.
Ignoring the contributions to the winding corrections from corrections to the GGRT phase
shift has so far worked well. However, there is a subtlety at the order in the expansion we
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Figure 15: The left panel shows the ground state energy predicted from the fit of the
phase shift to the excited states relative to the GGRT prediction. The right panel
shows a log-log plot illustrating that the correction for R > 1.5`s behaves as R
−7 and
becomes as steep as R−11 for smaller R.
are currently working. The positive coefficient γ3 implies a correction to the pseudo-energies
with a negative coefficient. As a consequence, the integrals in the TBA equations are no
longer convergent. These divergences are not surprising and arise because higher derivative
theories typically come with ghosts around the cut-off scale. The perturbative calculation
presented in section 3.3 shows that this happens for positive γ3. We know, of course, that
the full theory does not have ghosts and that there are higher order terms that cure the
divergences. Introducing such higher order terms by hand seems unsatisfactory because
it would introduce additional arbitrary coefficients. It seems more appealing to interptret
the `6ss
3 correction as arising from a heavy resonance that has been integrated out, which
suggests the phase shift
e2iδ = e2i
˜`2
splpr
s− 2iMΓ +M2
s+ 2iMΓ +M2
s− 2iMΓ−M2
s+ 2iMΓ−M2 , (53)
where
˜`2
s = `
2
s −
32Γ
M(M2 + 4Γ2)
, (54)
so that the correct phase shift is recovered for sM2. This amplitude (53) is not consistent
with the non-linearly realized symmetries and should for now simply be thought of as a
fitting function that has the desirable property that the integrals in the TBA remain finite
and corrections to windings relative to those in the GGRT theory remain small. Fitting to
the data, we find
M = 3.7/`s and Γ = 1.0/`s . (55)
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Upon expansion in s, this leads to a value of γ3 in a good agreement with equation (52) so
that the phase shift is well approximated by our fitting function below the resonance. Above
the resonance it does not have the correct behavior to be compatible with the non-linearly
realized Lorentz invariance and should thus not be trusted for p`s > 1.85.
The resulting predictions for the energy levels of the states involved in the fit are shown
in Figure 14, and we see that the modified phase shift correctly reproduces the larger bind-
ing energies and the splitting between two- and four-particle states seen in the data. The
momenta for some of the data points for the second excited two-particle state as well as
the data points for the third excited two-particle state are so large that our approximations
become unreliable. The ground state, however, is rather insensitive to the UV behavior of
the phase shift, and it is interesting to compute the correction to the ground state energy
that corresponds to our correction to the phase shift. We do this by solving the TBA nu-
merically by iteration. The result is shown in Figure 15. The left panel shows that the
ground state data is in good agreement with our prediction. The right panel shows that the
leading correction to the GGRT ground state energy is well described by a R−7 term down
to R > 1.5`s and becomes as steep as R
−11 for the shortest strings studied in [6].
4.6. k-strings in D = 3 Yang–Mills
In addition to the data for Wilson loops in the fundamental representation presented in [6],
nice data for SU(6) gauge group at β = 171 has recently been presented for bound states of
such strings with k = 2 and k = 3 units of charge under the center symmetry [7]. The left
panel of Figure 16 shows the data for the ground states with k = 2 in the anti-symmetric and
symmetric representation together with the GGRT prediction. The right panel of Figure 16
shows the ground state data for the anti-symmetric, mixed, and symmetric representations
with k = 3. Higher representations are related to these by charge conjugation. For compar-
ison we also show the energies corresponding to two and three non-interacting fundamental
strings as dashed lines. An analytic calculation of the tension of these objects that is in
remarkable agreement with the numerical data can be found in [32]. The anti-symmetric
representations are bound for both k = 2 and k = 3. The symmetric representations are
unbound for both k = 2 and k = 3, while the mixed representation for k = 3 is at best
marginally bound. This motivates us to study the anti-symmetric representations in more
detail and leave the others for a future study. To illustrate that our methods also work for
k-strings, we show the energy levels and phase shift for the states with equal numbers of left-
and right-movers and zero total momentum in Figures 17 and 18, extracting phase shifts
for 2- and 4-particle states using equations (41)-(43) and (49)-(51). The data shows clear
evidence for a resonance and the theory predictions are obtained with a resonance with
m = 1.88/`2As and Γ = 0.29/`
2A
s , (56)
m = 1.74/`3As and Γ = 0.16/`
3A
s , (57)
where the superscript denotes the representation of the string. It was perhaps natural to
expect the presence of resonances for k-strings, given that these can be thought of as bound
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Figure 16: This plot shows the energies of the ground states for k-strings with k = 2
(left) and k = 3 (right). For k = 2, the data for the anti-symmetric and symmetric
representations of SU(6) are shown in green and yellow. For k = 3, we show the
data for the anti-symmetric, mixed, and symmetric representations in orange, red, and
purple. The solid lines represent the GGRT prediction with the tension derived from
a fit to the data as before. The dashed lines show the energy for the state with the
same charge under the center group consisting of non-interacting fundamental strings.
states of two fundamental flux tubes. It is intriguing that the values for the mass and the
width are close when measured in the corresponding string units (and close to the mass and
the width of the worldsheet axion in 4D).
These states nicely illustrate that the energy plots can be rather complex because of level
crossing even with a very simple phase shift. The solid lines represent the theory predictions
for 2-particle states, the dashed lines those for 4-particle states. We clearly see avoided level
crossing for the 2-particle states as well as between the 4-particle states. However, the 2-
and 4-particle states shown in red and purple cross. In the integrable theory these states
have different quantum numbers and do not mix. In QCD integrability is not exact and a
certain amount of mixing between 2- and 4-particle states is expected which would lead to
avoided level crossing.
The theory predictions also show that the extraction of these energy levels is very subtle
because several energy levels have comparable energies and the correlation function may
not be dominated by a single exponential. Also the phase shift extraction from the energy
levels in the region of level crossing is not completely straightforward due to ambiguities of
quantum number assignments. The identification of two- and four-particle states employed
here appears to produce the most meaningful results on the phase shift plot, but we cannot
exclude at the moment that some of the data points might have been misidentified, especially
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Figure 17: The left panel shows the energy as a function of string length for the
lowest lying excited states for the anti-symmetric representation with k = 3 with an
even number of phonons and zero total momentum. The solid lines are the theory
predictions for the 2-particle states, dashed lines represent 4-particle states. The right
panel shows the phase shift extracted from the data.
for k = 2 strings. This motivates further high precision lattice measurements of these states.
Hopefully, techniques presented here might be helpful to guide these measurements.
Notice an interesting feature exhibited by the k = 2 data—a very pronounced break
in the resonance plateau on the energy plot for the lowest (orange) level at R/`2As . 3.
The corresponding points also show up very far from the theory curve on the corresponding
phase shift plot. The natural explanation for the origin of this break is that it occurs when
the physical size of the compact dimension becomes comparable to the size of the massive
resonant state. Our phase shift extraction becomes unreliable at these short radii, because
the winding corrections due to resonance become large. This interpretation is supported
by observing that a very similar break at the same values of R appears also in the lightest
glueball energy plot [7], suggesting that the size of the resonance is roughly equal to the size
of the lightest glueball.
The k = 3 data does not exhibit such a break. Perhaps only the shortest point in Fig. 17
(with R/`3As ≈ 2) may be considered as an indication for the beginning of the break. This is
in agreement with the k = 3 string being much more strongly bound than the k = 2 strings.
The k = 3 tension is equal to σ3A ≈ 0.6 × 3σf , while the k = 2 tension is σ2A ≈ 0.8 × 2σf ,
where σf is the fundamental flux tube tension.
5. Future Directions and Conclusions
We feel that the most important conclusion to be drawn from the current paper is that
there is strong motivation for further high precision lattice studies of the properties of flux
tubes. The TBA method provides a solid analytic framework for theoretical interpretation of
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Figure 18: The left panel shows the energy as a function of string length for the
lowest lying excited states for the anti-symmetric representation with k = 2 with an
even number of phonons and zero total momentum. The solid lines are the theory
predictions for the 2-particle states, dashed lines represent 4-particle states. The right
panel shows the phase shift extracted from the data.
lattice results for the flux tube lengths which are accessible with the existing computer power.
This opens the possibility for a comprehensive description of the world sheet dynamics of the
confining strings in the near future, which might be an important step towards understanding
the physics of confinement.
The results presented here pose a number of intriguing questions which may be answered
with a new data. Many of them concern the nature of the observed pseudoscalar resonance
in the D = 4 data. In particular, the phase shift plots Figs. 11, 12 show a systematic
disagreement between the theory curve and the data at the momenta above the resonance
in the pseudoscalar channel. By itself this disagreement is not very dramatic, given that
the corresponding momenta are already quite large. However, an intriguing property of the
observed phase shift in the pseudoscalar channel is a pronounced plateau at δ ≈ pi, which
corresponds to the absence of scattering. Together with a systematically better agreement
between theory and data in other channels this suggests that some interesting pieces of
physics may still be missing.
The experience with D = 3 k-strings data suggest that (at least partially) the plateau
may be an artifact resulting from misidentification of the excited state data points. The
phase shift plot was constructed assuming these correspond to the two-particle state. It
appears very likely that some of these points (in particular, those with p`s & 2) represent a
four-particle state instead. With this interpretation the deduced values of the momenta will
be roughly halved, bringing these points in the resonance region and significantly decreasing
the tension between theory and data. Resolving this question will require both more accurate
data for excited states in this region and further theoretical work. Indeed, including four-
particle states in the analysis is not as straightforward for D = 4 data as it was in D = 3
38
due to a larger number of channels at D = 4. There is no problem of principle here, and we
are planning to implement this in future work.
The plateau may be indicative of even more interesting physics. Indeed the axion model
(38) represents only a minimal effective field theory explaining the observed resonance in the
pseudoscalar channel. More complicated scenarios are possible. In particular, note that as
a consequence of two-dimensional kinematics, a two-particle threshold generically appears
as a resonant pole. This opens an interesting possibility that the axion may be in fact a
threshold bound state of even lighter massive world sheet excitations.
Even if this possibility is not realized it is a well-motivated question whether the axion
is indeed the lightest massive mode, or there might be lighter massive states missed by the
lattice searches. To get an idea of how light these states might be, one can use an available
high precision data for the ground state energy. A free particle of a mass m on the world
sheet will result in an additional contribution to the ground state Casimir energy of the form
∆E(R) = −m
pi
∑
n
1
n
K1(mnR) .
Given that the lattice data shows no sign of a resonance in the scalar channel we consider the
effect of adding a pair of such particles on the ground state energy (having in mind a massive
O(2) vector). The result is presented in Fig. 19. We exclude the data point corresponding
to the shortest string from the fit to be conservative. We see that the best fit value for the
mass is m ≈ 1.3`s. Taking the error bars at face value, we find an improvement in the fit
corresponding to almost 4σ (and much larger if the data for the shortest string had been
included) in favor of the existence of additional light particles.
One may achieve a comparable improvement of the fit by adding a R−7 correction to the
ground state energy, however, the required value for the corresponding coefficient is about a
factor of five larger than the typical size of the loop corrections (estimated from the expansion
of the GGRT ground state energy).
Of course these considerations do not take into account possible lattice systematics.
Most of the improvement in the fit is driven by the data points corresponding to the shortest
strings, which might suffer from possible discretization effects and from their proximity to
the deconfinement transition. Nevertheless, this observation provides an additional strong
motivation for the systematic search for “exotic” light states on the world sheet with quantum
numbers, for which the corresponding Nambu–Goto state is expected to be heavy.
The natural candidate operators for creating new massive states on the world sheet are
Polyakov loops with additional local insertions, such as
Wµν = TrP
(
Fµν exp
∫
C
A
)
. (58)
It is intriguing that the basis of operators used in [5] includes such an operator with (µν)
indices in the transverse plane (i.e., a pseudoscalar), but not with other orientations. Related
to this, to understand the origin of the world sheet axion better it will be interesting to study
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Figure 19: The left panel shows the ground state energy in the absence and presence
of additional massive states in lighter and darker green, respectively. The data points
shift becase we simultaneously fit for the mass and the string tension. The right panel
shows the one and two sigma contours in the mass-tension plane. The shortest point
was not included in the fit, but nevertheless fits well.
which operator provides the best overlap for the corresponding state, with (58) providing
the most natural candidate.
It would be very interesting to understand the microscopic origin of the world sheet axion,
i.e., to derive it from the 4D QCD description. Note in this respect, that a pseudoscalar
state with the same mass (in string units) is also present in the available SU(5) data from
[5], so the axion appears to be present in the large N limit. Unfortunately, however, it
appears impossible to use holographic gravitational AdS/QCD models to look for the axion
quantitatively. For the gravitational description to be applicable the string length should
be short compared to the AdS curvature length. This implies that the mass of the light
glueballs (gravitational Kaluza–Klein modes) is parametrically smaller than the confining
string tension, which is not the appropriate regime to describe the pure glue theory.
A less ambitious goal would be to look for footprints of the world sheet axion in the spec-
trum of 4D states. This should be possible, given that there is no fundamental obstacle for
extending the TBA technique to open strings. First steps in this direction have already been
made in [33] (see also [34], where the effect of the PS interaction on the open string spec-
trum was discussed using the conformal gauge approach). Assuming the world sheet axion
survives in the presence of quarks this opens an exciting possibility to see its presence in the
physical spectrum of mesons. In particular, one may expect mesons with a sufficiently high
spin (such that the corresponding flux tube is long enough) to exhibit universal excitations
with energy of order the axion mass ∼ 750 MeV and of opposite parity, corresponding to an
addition of the axion to the confining flux tube. This expectation appears to be supported
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by the available lattice data for open strings in SU(3) gluodynamics [35], which shows an
anomalous Σ−u excitation with the energy which matches well the world sheet axion mass,
as was previously pointed out by [36].
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